CTHS EXTENSION 2 TRIAL EXAMINATION, 202

QUESTION 1 MARKS QUESTION? BEGIN A NEW PAGE MARKS
2—4i
() Letz=m——0ro .
@ FindJ‘Ji_z. . T+
9—1x
(i) Find z, giving your answer in the form a + bi, where g ind b are real. 2
(ii) Find iz. 1
)] (i) Find real constan's A, 8 and C such tha 3
245642 _Ax+B_ C
> —
GNP VEE S S IR () Findaard bif (a+ib)2=3-4i, whereaand b are real and ¢> 0., 2
. e5x+2
(i) Hencefind (:xm - 2 () Considerthe regiondefined by Jz— 44 <3,
(1) Sketch the region. 1
] .. . ,
@ Evaluate | Jiold:. 3 {it) Determine th: maximum value of kf - 1
-1 (ili) Dctermine the maximum value of ugz, where —n < argz S %, 2
|
(d) Evaluate J. ey, 3 ) >4
B
C K
() @) Simplify sin(A ~B) + sin{4 + B). 1 ) A >
b .
E
(i) Hencefind Jsinchos 3Ix dx. 2

In the ditgram abowe, the complex numbers zg, 2y, 23, 23, 74 are represented by the vertices
of a regular polygoz with centre O and vertices A, B, C, D, E mspectively,

Given that ;5=2:
(i} Express 2, in modulus-argument frm. 2

(i) Fiad the value of z,°. 2

| i)

(iii) Show that the perimeter of the penagon is 2osin’§‘.
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QUESTION 3 BEGIN A NEW PAGE

(2)

{b)

(c)

Let e, fand 7 be the roots of
x* =72 +18x-7=0
M Find a cubic equation that has roots, 1+a?, 1+ 8%and 1+ 7.

(i)  Hence or otherwise, find the valucof (1+a}1+ 8 )1 +r?).

) The polynomial equation p(x) = has a roct & of multiplicity 3.
Show that a is a root o7 p'(x) = Cand is of multiplicity 2.

(i)  Thepolynomal g(x)=x*+ax® +bx* —x* -2x - has a quadraic
factor of x*+2x+1.Findaandb.

(iii)  Consider the solynomial
H n
r'(x)=1-+-x+f-+ ..... +7 where =1
2 Al

Show that r(x) has no double roots.

The acceleration of aparticle roving in a straight line, starting from a
position 2 metres on the positive side of t1e origin, with a velocity of

I-5 ms™ is given by
av_9-x’
2

0] Show that the velocity in ms™

_ Y2 +x7 =3)

x?

of the particlz can be expressed as

i) Describe the sehaviour of the velocity of the particle after it passes
x=3.

MARKS

QUESTION 4 BEGIN A NEW PAGE
(2 YA
0 % £ b
]

The sketch above shows the parabolic curve y = fix) where

‘Without the usc of calculus, draw sketches of the following, showing intercepts, asymptotes

and tuming points:

®

(i)

(i}

{iv)

y=1fxl,
y=_
o

y=§]x-4f.

y=tan!(Rx)).

_xl-4x
fix)= -

Question 4 continued on page 5
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QUESTION 4 CONTINUED

(b) Tae circle x* + y2 =4 15 revolved about the y-axis to gencrate a solid sphere. A cylindrical 4
hole whose ciameter is 2 units and whese axis is the y-axis is then removed from the sphere,
leaving a solid §.

F:gure 1 below shows a three-dimensional pespective and Figure 2 shows a cross-sectioral
view.
Using the method of cylindrical shells, find the volume of §.

A
x2ayl=a _(I'Ji)
2/ 1
e\
SaSh
u | A8
x=1

Figure 2

{c) The length cf an arc joining P(a,c) and Q(b, d) on asmooth, continuous curve y = fix}

is given by
b
2
length = #1+ ‘-"-‘-’) dx.
arc leng J. (dx
a
. - x2 Inx
Consider the curve defined by ¥ = < 5
. dv)3 1( 1)2
Showthat 1 +|-<| ==|x+-] .
b svomi 1+ (3 :
(i) Find twe length cf the arc between x =1 and x =¢. 2
End of Question 4
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BEGIN A NEW AGE

:a) y"l

Y

v
Y
DR = | S

x=d
Consider the ellipse sketched above of eccentricity e withone focus § at the origin and its
corresponding directrix at x=d.

(i) If P comresponds to the complec number z, where z = r(cos§ + isin§) , usc the focus-
directrix definition of an ellipss to show that the ellixse can be expressed 1s

r:—i_.
1+ ecos?

(i) Hence draw the ellipse represented by

pa_ 3%
5 +3cosd

showing the coordinates of the points A and D,
[There is no need to find the coordinates of any other point, or (o write the Cartesian
equation of the ellipse.]

() Consider the curve x2—xy +y2=3,

o]
i) Showth D =22=¥
(i) ow I Ildx x—2y

(ii) Hence find the two stationary »oints on tae curve,

(iii) Find the values of x where thee are vertical tangents.

Question 5 continued on page 7
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QUESTICN 5 CONTINUED MARKS QUESTION 6 BEGIN A NEW PAGE MARKS

(c) Consder the conplex number z= co:d + isinf. a) (i) Onhe same set of axes, sketch the praphs of 3
’ 1 y-COS-l(x-z) and f:E.}tan_l(x._z“
() Using de Moivre's theorem, show that z® + == 2cosnd, for ary integer n. 1 2 2 :
2
16 (i) From your graph, or otherwise, solve the in:quation 1
il i = i Beosdf+ Ceos28 + D, 2 -
(ii) Hence or otherwise express (z + Z) in tht form A cos66 + Bcos cos cos”! [ X 2)_ tan"(x s -:_
where A, B, C and [ are real constants. 2
™
3 . .
(iii) Hence evaluate j cos68 48 . 2 (b} Find the sinallest positive nteger p such that 4
0 .

JZ‘;H P i -
End of Questian 5 [\/i—i = ’5("'1+1-JJ_)

{c) The vertices E, F and H of the parallelograrmn EFGH lie on the circle.
L is th= midpoint of the diagonal FH.
R is the point of intersection of the perpendicular heigh's 1[N
and FM of the triangle EF.
S is the point of intersection of the perpendicilar heights HP and
FQ of'the triangle FGH.

i) Prove that point § lies oa the circle, 2

ii) Prove that the points R, L and S are collinear, 4

iii) Show that the hexagon MNFPQH is cyclic 1
paze 8 of 11
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QUESTION 7 BEGIN A NEW PAGE MARKS

QUESTION 7 CONTINUED MARKS
(@ A 2
. (c) The sector OAB with m angle a at the cener (0,0) is rotated about the
X y axis to form a solid. When the sector is rctated, the line segment CD
at height y sweeps out an annulus as shownin the diagram below,
B - ,PY
c

Tte diagram above shows a point X outside atriangle ABC.

S}nw:hatAX+BX+CX>‘i§1%+—-C—A. .

|2

() () Show tiat the normal at the Joint P(cp, 5) to the rectangular hyperbola xy = ¢2 is

> X
given by
plx.—py..—.c(pq'— 1).
.. . . s 2
(i) If this normal meets the hyperbola again at Q("‘?- q)' show that (i) Show that the area of the annulus is 2
plg=-1 (@’ - y? osec’a).
(i) Hence find the ara of the tiangle PQR, where R is the poirt of intersection of the 2 (i) Find the volume ofihe solid. 3

tangen: at P withthe y-axis.
You may assume that the cquation of the tangent is given by x + Piy=2cp.

End of Question 7
(i) What is the value of p that produces a tiangle of minimum aea? 2

Question 7 continued on page 10
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QUESTION 8 BEGIN A NEW PAGE

{a)

)

Let x, y, z ard w be positive real numbers,

®

1it)

(i)

Provethat £+ ¥> 2.
y x

Deduce that EH Y +2 Wy +z whxtz udxdy, 5
" p "
1111

Henceprove tha i x+y+z+w=lthen -+ -+ - + = 216.
Xy z w

]
Let J, =J‘ e dxy, vhere n 2 (.

(i)

i)

(i)

)

(v} Conc¢lude that ¢ = lim ( E

o

Show that Jy=1-1,
e
Showthat J,=rJ, | =L, forn2 1.
£

Showthat /. —0 as 2 doc

Deduce by the principle of mathematical inducticn that forall n2 0,

14

_ n! 1
Jn-n!-:- ;;

r=0

1

— |
)

Ao p=(pl .

End of paper
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